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A quaternion order derived from an integral ternary quadratic form f  = 
Zaai,xixj of discriminant d = 4 det (ae) is m-maximal if m is not divisible by 
any prime p such that p2 j d, or p II d and c, = 1. If  R is m-maximal and m is a 
product p1 . ..p. of primes, then any primitive element 01 of R has unique right- 
divisor ideals of each norm p1 . . . pI: (k = l,..., r). This generalizes Lipschitz’s 
ninety-year-old theorem. We characterize m-maximal orders, study their ideals, 
and show how the preceding result yields formulas for the number of representa- 
tions of integers by certain quaternary quadratic forms. 
1. INTRODUCTION 
In this paper we investigate factorization and ideal structure in a 
quaternion order R derived from an arbitrary ternary quadratic form jI 
We develop the concepts of “m-maximal” quaternion rings and “ideal- 
divisors” in such rings, and thereby obtain a generalization of a well 
known result on factorization in the familiar Lipschitz ring of integral 
quaternions. 
2. PRELIMINARIES 
An integral ternary quadratic form f = xi,j aijxixj (all sums are taken 
from 1 to 3) gives rise to a quaternion algebra A = A(f) = Q[l, il , iz , i.J 
and an integral order R = R(f) = Z[l, j, , j, , j,], where Q, Z denote the 
rational numbers, integers respectively, and il , iz , i3 have the multiplica- 
tion given below 
i,i, = -A,, + c a,& , i,i,. = -A,, - C aktik , 
k 12 
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where (Aii) = udj (a<i> and (r, s, t) is a cyclic permutation of (1, 2, 3). 
Also, j, = ik + $Q , where l 1 , Ed, Ed are chosen 0 to I according as 
2~~ , 2u1, , 2u,, are even or odd, respectively. 
The discriminant d of A is defined to be d = 4 det&), which will be 
supposed to be different from zero. An element a! = C xkik E A is said 
to be pure; purely integral if, in addition, x1 , x2 , x3 E 2; purely primitive 
if (x1 , x2 , x3) = 1. The conjugate of y = I, + C tkik is 7 = to - C tkik . 
If y, 6 E A, their inner product is (y, 6) = y8 + 87. If y E A and SC A, 
(y, S) = ((y, 6): S E S>. A quaternion U = U, + Z tikjk(uO , ul , u2 , u, E 2) 
will be termed primitive if (u, , u1 , u2 , us) = 1; primitive (mod m) if 
ho 9 Ul, u2 7 u, , m) = 1. The Brandt norm-form of R (cf. [3]) is given by 
F = (x0 + $C x&2 + adjf(x, , xZ , x,), which is also the norm N/3 of 
/3 = x,, + C xB j, . If p = C y, jk E R such that (yl , y2 , yJ = 1, then y 
is termed pure-primitive. If CX,,  01~ , 01~ , c+ E A, the norm-form G of the 
module (ordered basis) Q[a,, , (Ye , a2 , 01~1 is 
G(xo, x1,x2, x3) = N(x,ol, + xm + x2a2 +wJ. 
We let c, = c,(f) denote the Hasse symbol. An ideal C (left or right) of 
R will be called primitive if C C aR for some a E Z implies a = & 1. If 
S is a set such that SC R, (S] will denote the left ideal generated by S, 
and [S) the right ideal generated by S. Also, we will sometimes write 
x0 + Ck x,j, = x0’ + Ck x& , where x0’ = x0 + #& +xk . 
We insert here a needed theorem on form residues (cf. [3]). 
THEOREM 2.1. If p is an odd prime not dividing d or dividing d at most 
once, we can assume 
f = a,x12 + azxz2 + p”a,xS2 (mod ~9, 
r arbitrary, where (a,a,a, , p) = 1, and OL is 0 or 1; zf 01 = 1, c, = 
(-alaalp). If d is odd, f is equivalent (mod 2’) to the form 
f = xlxg + a,xs2, 
a, odd; and zf d = 2 (mod 4) and c2 = - 1, then f is equivalent (mod 23 
to the form 
f = x12 + x,x, + x22 + 2u3x32 
a, odd. Form residues for coprime moduli may be achieved simultaneously. 
COROLLARY 2.2. If 01 is primitive and m I Nol, then zf p is a prime 
dividing d precisely once and satisfying c, = - 1, m cannot be divisible by 
P2. 
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Pall in [3] applied Theorem 2.1 to prove the following useful theorems. 
THEOREM 2.3. Let 01 E R be primitive. rf N/I = m, and j3 is a right 
divisor of 01, then the only right divisors of 01 with norm m are the left 
associates @I, NB = 1, provided 
(2.4) rn is not divisible by any prime p such that p2 / d or such that 
plldandc, = +l. 
THEOREM 2.5. Let m be a nonzero integer represented by some form in 
the genus of F such that m satisfies (2.4). Suppose 01 E R is primitive, 
m / NE Then every factorization 01 = y/3 in which N/3 = m may be asso- 
ciated with a representation of the number 1 by a certain quaternary quadratic 
form in the genus of F. Hence, unless the genus of F contains a class of 
forms which do not represent 1, there exists a right divisor j3 of norm m 
of 01, and necessarily (by (2.3)) unique up to a left unit factor. 
3. RINGS WHICH ARE m-MAXIMAL 
The following theorem is another useful application of Theorem 2.1, 
embodying facts needed later. 
THEOREM 3.1. Suppose that (m, d) = 1 and that /3 is primitive (mod m), 
m 1 N/3. Then tf y is both a left and right divisor of /3 of norm m, y is a 
left and right divisor of 01 tf and only tf 01 = s/3 (mod m) for some integer s. 
Proof. The sufficiency is clear. Suppose that y = to + CIC tAjk is a 
right and left divisor of both /3 and cy. = x0 + Ck xkjk , and that Ny = m. 
Since /3 is primitive, so is y. 
Let p > 2 be a prime such that pr 1 m. Using form residues from 
Theorem 2.1, the congruences a$j = yoL = 0 (mod p’) imply the existence 
of integers a, , a2 , a3 satisfying (alaza, , p) = 1 and 
x0’&’ + a,a,x,t, + a,a,x,t, + a,a,x,t, 3 0, 
x1 to’ - x,‘t, + a,x,t, - aIxZt, E 0, 
x243 - a2x3tl - x,‘t, + a,x,t, = 0, 
x31; + a3x2t, - a,x,t, - xit3 E 0, 
XdLl - x,‘t, - aIx& + aIx2t3 = 0, 
x2tOl + a2x3tl - x,‘t, - a2xlt3 = 0, 
x3to’ - a,x,t, + a,x,t, - xD’t3 = 0 (mod p’). 
(3.2) 
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The congruences (3.2) imply that, (modp’), xlt,’ = x,‘t, , x,t, = xzt, , 
xztO’ = xO’t2 , x,t,’ = x0’& , x,t, = x3tl , xztl = x,t, . Since y is primitive 
(mod m), to’ + 0 (mod p), or (tk , p) = 1 for some k = 1, 2, 3. Let u be 
the unique residue (mod p’) such that ut, = 1 (mod p’), or ut,’ = 1 
(mod p’), and let s = uxk , or s = uxO’. Then 01= sy (mod p’). 
If d is odd, we can use the residue f = x1x2 + a,xs2 (mod 2k), a3 odd, 
whence (~7 = jk = 0 (mod m) implies 
xoto - a3x2h + x,t, = 0, 
x,to - (x0 + X3Pl + x,t, = 0, 
x2to 
- 
xot2 = 0, 
x3to + a,x,t, - a3x1t2 - xOt3 = 0, 
xoto - a3xlt2 + xot3 = 0, 
wo - Xoh z 0, 
x3to - a3xotl + a3x,t2 - xot3 3 0 (mod 2’). 
(3.3) 
From (3.3) we obtain xl,tl = xltb (mod 29, k, 1 = 0, 1, 2, 3. Hence, (Y 
is proportional to y (mod 2’). Using the Chinese remainder theorem, 
(Y is proportional to y (mod m). Q.E.D. 
COROLLARY 3.4. If 01, fl are purely integral, y primitive such that 
Ny = m, (m, d) = 1, then the equation yzfj = m/3 implies the existence of 
an integer x0 and a quaternion 6 E R such that x0/2 + cy = 6y (whence 
p = ys - x,/2). 
Proof. There is a unique integer residue u (mod 2) such that 
u/2 + 01 is in R. yap = m/3 and Ny = m imply y(u/2 + a)7 = m(u/2 + fl). 
Hence, ~(42 + 4 = (42 + P>y, so that u/2 + 01 has y as a left and right 
divisor of norm m. Hence, we may select an integer s such that 
y(u/2 + a) = sy(mod m). Let x0 = 2s - u. Then 
(x,/2 + a)~ = ST - (u/2 + a)? = sy - sy = 0 (mod m). 
Therefore, (x,/2 + a)7 = m8, x0/2 + LY = 6~. Q.E.D. 
This corollary has some interesting consequences. The reader is referred 
to [4]. 
We will call R “m-maximal” if, for 01 E R, the conditions 
(i) Nol = 0 (mod m”) and 
(ii) (cu, R) = 0 (mod m) 
(3.5) 
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imply 01 = 0 (mod m), where (01, R) = ((01, /3): /l E R}. Notice that if n 1 m 
and R is m-maximal, then R is n-maximal. A characterization of m- 
maximal orders will be given after the following theorem and corollary. 
We first derive some properties of these rings. 
THEOREM 3.6. Suppose that R is m-maximal, IY a primitive element of 
R such that m / Nol. Then we can find an element y E R such that 
(m, NC& + my>/m) = 1. 
Proof (Estes). Let Nol = mq, II = 17{p: p is prime, p 1 m, (p, q) = 11, 
and suppose p is a prime such that p I (m, q). Now Nol = 0 (modp*) and 
(Y f 0 (mod p), so there is an element 6 E R such that (01, 6) + 0 (mod p). 
Now N(or + nm6) = m (q + n2mN6 + n(or, A)), and q + n2mN6 + 
n(or, 6) $ 0 (mod p), nor is it divisible by any prime which divides m but 
does not divide q. If this process is continued, we obtain the required y. 
Q.E.D. 
COROLLARY 3.7. Let R be m-maximal, B a primitive left ideal of R of 
norm m. Then we can$nd fl E B such that B = (m, p]. 
Proof (Estes). By (3.6), there exists /3 E B such that (m, N/3/m) = 1. 
Let Np = qm. Since (q, m) = 1, B = (m, qB]. Suppose y E B. Then 
Nyb = 0 (mod m2), and, for 6 E R, 
tyj, S) = (y, Sp) = N(y + SB> - NY - NW) = 0 (mod 4, 
since y + Sg, y, and S/3 E B. Thus, y! = 0 (mod m), yp = m& qy = #. 
Therefore, B = (m, qB] C (m, j3] C B, B = (m, /?I. Q.E.D. 
THEOREM 3.8. Let Z, = (r/s: r, s E 2, (p, s) = I}, R, = Z,R. The 
following are equivalent: 
(i) R is m-maximal; 
(ii) m satisfies (2.4); 
(iii) R, is a maximal Z,-order for each prime p in m. 
Proof. (i) 3 (ii). Suppose p2 1 (m, d), or p 11 d and c, = il. Then (cf. 
[3]) adj f is not fundamental, so there exists a ternary form g and an 
integral matrix T of determinant e > 1 such that (adj g)’ = adj f. Further, 
adj g may be assumed to be fundamental, so that p I e (c, is invariant 
under rational transformations). Let (Bij) be the matrix of adj f, k, , k, , k, 
the basal elements of A(f), and z .I , i2 , i3 the basal elements of A(g). 
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Then (k, , k2 , k2) = (4 , i2 , i2)T and the transformation replacing 
the norm form G = (x,, + )Ck +x# + adj g by the norm form 
F = (y,, + & E~*JJ~)~ + xi,j Bijy,yi is the integral transformation 
X = TY, x0 = y, + $(E*’ - dT)Y, where X’ = (x1 , x2 , x9), Y’ = 
(y, , y, , y3), E’ = (Q , c2, EJ, E*’ = (Q*, Ed*, es*). Now we may replace 
f, g by equivalent forms V’I’, U’gU, det U = det I’ = 1, whence T is 
replaced by U’T adj V’. Thus, with U and V at our disposal, we may 
assume that T is diagonal, say t, 0 0 
T= L 0 t2 0 0 0. 1 t3 
Thus, p / tlt2t2, p 1 fk for some k = 1, 2, 3. If, say, p 1 t2 , then 4&2 = 
4 adj g(0, t, , 0) = 0 (modp2). Thus, integers y, , y1 , y, , y, not all zero 
(mod p) may be chosen so that y,’ = 0 (mod p) if p is odd, Ck Q*J+ = 0 
(modp) if p = 2, since 4(Bij) = E*E*’ (mod 2) (cf. [3]), and SO that 
NY = yh2 + Ci,i Biiyiyj E 0 (modp2). (Specifically, ykBklc = 0 (modp) 
if p is odd, or, if p = 2, yk = 0 (mod 2) or Bkk is integral.) Hence, 
(7, ki) = -2y,ki2 = 2yiBii = 0 (modp. Therefore, if 8 = w,’ + Ci WikiE R, 
(y, 6) = (y, ~0’) + (7, Xi w&J = wo’(y, 1) + Xi WAY, kJ G 0 (mod P)- 
Consequently, R is not p-maximal. 
(ii) 3 (i). This implication follows easily from (3.1) and (3.2). 
(i) 3 (iii). Suppose D is a &order properly containing R, . Then we 
can find 01 E D - R, such that Ncl E Z, and Z, I> (01, D) 1 (a, R,). We 
may write 01 = (a/b)e, where 5 is a primitive element of R, a, b E Z, 
(a, b) = 1. Now (Y $ R, implies p / b. Thus, p2 I u2N& N5 = 0 (mod p”), 
and, for /3 E R, (f, /?) = (b/u)(a, /3) E (b/u) Z, n Z CpZ. Thus, (5, R) = 0 
(modp), N[ = 0 (modp2), and yet 5 + 0 (mod p). Thus R is not p-maxi- 
mal. 
(iii) * (ii). Suppose that R, is a maximal Z,-order, and that D is an 
integral order containing R. Let g be the ternary form associated with 
D, T an integral matrix such that T’(adj g)T = adjf. Now D, 3 R, , so 
D, = R, . Thus, det T is a unit in Z, ; that is, (det T, p) = 1. 
This completes the proof of (3.8). 
Suppose 01 E R is primitive (mod m), and that m 1 Nor. We define 
B,(or) = (7 E R: LYE = 0 (mod m)}. (3.9) 
It is clear that B,(a) is a primitive left ideal of R of norm m. 
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LEMMA 3.10. Suppose that p is a prime and that R is p-maximal. Let 
A and B be primitive left ideals of R of norm p. Then either A = B or 
A n B = (p). 
Proof. The proof of Corollary 3.7 shows that if A n B contains an 
element 6 which is primitive (modp), then A = B = A n B = (p, 51. If 
not, A n B C (p), and clearly (p) C A n B. Q.E.D. 
We remark in passing that if p j/ d, c, = -1, then R contains exactly 
one primitive left ideal A of norm p, and A is two sided; for if t is primitive 
such that p / Nf, then &j = +j.$ = 0 (modp) for every 7 E R such that 
p 1 Nq, a fact easily verified using form residues. Thus, A = (p, [). If, 
however, (p, d) = 1, the situation is more interesting. 
THEOREM 3.11. Suppose that (p, d) = 1. Then there are p + 1 primi- 
tive left ideals in R of norm p. 
The proof involves some interesting lemmas. 
LEMMA 3.12. (Pall, [3, p. 2911). Suppose p is a prime. If p t d and 
a is primitive, we can jind an integral quaternion residue p (mod p”), s 
given not less than zero, such that (NIL, p) = 1 and pal is pure (modp”). 
LEMMA 3.13. If 01 = /l (mod m), (Np, m) = 1, then B,(a) = B,(p) = 
MP~. 
Proof. An easy verification. 
Thus, for (m, d) = 1, we may take the ideals B,(a) to satisfy: 01 pure- 
primitive (mod m), (m, Nol/m) = 1. For (p, d) = 1 we may assume 
for p odd, f = a# + a2y2 + a,z2 (mod p), (a,a2a, , p) = 1; 
for d odd, f E x2 - yz (mod 2). (3.14) 
LEMMA 3.15. Suppose that (p, d) = 1, and that 01 is pure-primitive 
(mod p). Then we can jnd p2 distinct left multiples of 01 (mod p). 
Proof. Write 01 = Clc teik (modp). Suppose that p is odd such that 
p t tk . Then we may verify, using (3.14), that the p2 residues (e + fiJo1 
0 < e, f < p - 1 are distinct (mod p). For example, if k = 1, (e + fi& = 
-ft,a,a, + (et, - ftJ iz + (et, + ft2a3) i3 (modp). If p = 2, then 01 pure 
(mod 2) implies t, = 0 (mod 2). Then 
(e +fj,b = (et, - ft& +.ft& + (e + f) t2.i2 + 4 (mod 21, 
(e +.fi& = et, - ft,h + et2.i2 + 6% + ftJ& (mod 2). 
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Thus: if 2 t tZ[2 t t,], the four residues (e +fi&[(e +fj)a], e, f = 0 or 
1, are distinct (mod 2). Also if I, = jZ = t, (mod 2), to odd, the four 
residues (e + fj&, e, f = 0 or 1, are distinct (mod 2). Q.E.D. 
LEMMA 3.16. Let 01 be pure-primitive (modp), where p t d. Then PL” 
represents precisely p2 residues (mod p), each residue for p2 residues p 
(mod P). 
Proof (Pall, [2, p. 4891). Let a denote the number of solutions j? of 
/ICY = 0 (modp), and b the number of residues pal (modp). The number 
of solutions ,!I of /3cx = y01, for a given y, is the same as that of (p - y)01 z 
0, hence, equals a; that is, every residue PL” is represented for a residues 
p, whence ab = p4, the total number of residues (mod p). By (3.15), 
b 3 p2. Let p = (e + fiJE if p is odd, (e +fiJ& if p = 2, as in the proof 
of (3.15). Then PU = 0 (mod p), so a > p2. Thus, a = b = p2. Q.E.D. 
COROLLARY 3.17. In (3.16), precisely p of the p2 left multiples of 01 are 
pure (mod p), and all are proportional (mod p). 
Proof. Since 01 is pure, the pure multiples (mod p) are (e + fiJa with 
f=O,O<e<p-1. Q.E.D. 
Proof of (3.11). By (3.17) there are p pure quaternions (mod p) in 
each of the sets B,(a), and, in view of (3.10), only the zero residue over- 
laps. Denote by h the number of sets B,(a) [a roams]. Then there are 
h(p - 1) pure-primitive residues in u. B,(a). Of course, there are p3 - 1 
pure-primitive residues (modp). We proceed to find X by counting the 
number c,, of pure quaternion residues ,5 $ ua B,(a), and then writing 
X(p-l)=p3-1 -co. 
The quaternions j3 E R such that /I $ ULy B,(a) are precisely those satis- 
fying Nt9 + 0 (mod p). For if /3 E B,(a), ab = 0 (mod p) implies 01N/3 = 0 
(modp), and, thus, p I Np, since cx is primitive. Conversely, if N/3 = 0 
(modp), B primitive (modp), and (p, N@ + yp)/p) = 1, then fi E B&3 + py). 
Thus, we wish to count those pure-primitive residues p of norm prime 
to p. 
Assume that p is odd, and thatfis as in (3.14). Let ,f3 = x,i, + x2i2 + x3i3 
(mod p). The condition /3j? $0 (mod p) is then 
a2a3x12 + a3alx22 + a,a2x32 (mod PI. (3.18) 
Let ~(x, y) = a,(a2x2 + a, y”). Then ~(x, y) represents every residue 
(mod p), and so we wish to count the number of triples (mod p) satisfying 
-w2x32 + dxl y x2) (mod P). (3.19) 
641/5/6-8 
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Suppose that (-a,a,/p) = 1. Then we may replace (3.19) by 
x22 + dx1 9 x2) (mod P). (3.20) 
Case 1. dxl , x2) = 0 (mod P). 
There are p - 1 choices for xs . Fix x1 . Then ~(xr , x2) = 0 (mod p) 
implies xz2 = -(a,/aJ xl2 (modp). Hence, there are two possible choices 
for x2, unless x, G 0 (modp), when x, G 0 is the only possibility. Thus, 
there are 2(p - 1) + 1 = 2p - 1 choices for (x1 , x,), and, hence, 
(p - 1)(2p - 1) possibilities for (x, , x2 , x3). 
Case 2. (~(xr , x,)/p) = -1. There are p choices for xQ . 
Case 3. (~(xr , x2)/p) = 1. There are p - 2 choices for x3, since for 
fixed x1, x2, there are two values, z and -z, such that z2 = ~(x, , x2) 
(mod P). 
It is convenient to combine Cases 2 and 3. For u = fl, the number 
of pairs (x1, x2) for which (~(xr , x2)/p) = (T may be easily shown to be 
the same as the number of pairs satisfying ((x1 - 2x,)/p)(x,/p) = u(agJp). 
Fix x1 , 1 < X, < p - 1. Then there are (p - 1)/2 choices for x1 - 2x, , 
and, hence, for x2 . Therefore, in Cases 2 and 3, there are (p - 1)2/2 
possible pairs (x1 , x2) (modp). Hence, in Case 2 there are p(p - 1)2/2 
possible triples (x1 , x2 , x3), and in Case 3 there are (p - 2)(p - 1)2/2. 
Combining the above for (-a,a,/p) = 1, the triples satisfying (3.20) 
are in number (p - 1)(2p - 1) + p(p - 1)2/2 + (p - 2)(p - 1)2/2 = 
P2(P - 1). 
Now suppose that (-a,a,/p) = - 1. 
Case 1. q4x1 , x2> = 0 (mod P). 
In this instance x1 E x2 = 0 (modp). Thus, there are p - 1 triples 
(x1 2 x2 3 x3 (mod p) satisfying (3.19) (namely, (0, 0, x3), 1 < xg < p - 1). 
Case 2. (v(xl , x,)/p) = 1. There are p choices for xg (mod p), since 
-ala2xS2 is not a quadratic residue for (x, , p) = 1, and clearly (3.19) is 
satisfied if xs = 0 (mod p). 
Case 3. (y(xl, x2)/p) = -1. There are p - 2 possibilities for x3 
(mod P). 
Again we combine Cases 2 and 3. There are p2 - 1 pairs (x1 , x2) 
(mod p) such that (cp(xl , x2)/p) = f 1, with only (0, 0) (mod p) excluded. 
Also, a2x2 + a,y2 represents every residue (modp) and, thus, so does 
x2 - dy2, where d = -ala2 , each nonzero residue represented equally 
often; for suppose (ul , ul), (u2 , u&..., (u,...r , u,-& are fixed pairs satis- 
fying uk2 - dvk2 = k (mod p), 1 < k < p - 1, and let 4, r be nonzero 
residues (modp). Suppose (x, , x2) is a pair such that xl2 - dx22 E q 
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(mod p), and let k be the unique integer (mod p) satisfying qk = r (mod p). 
Then 
r = qk E (x,” - dxZ2)(uk2 - duk2) = (xluK - ~x,u,)~ - d(xluk - x2ulc)” 
and, thus, with every pair (x1, x2) (mod p) such that xX2 - dx22 = q 
(mod p), we may associate a unique pair 
(~1, ~2) = cwc - d-w, , xlc+ - ~24) (mod PI 
such that y12 - dy22 = r (modp), and conversely. 
Hence, for (p2 - I)/2 pairs (x 1 , x2) (mod p), (v(xl , x2)/p) = 1. There- 
fore, for (-a,a,/p) = -1, the number of triples (x1 , x2 , x.J satisfying 
(3.19) is (again) p - 1 + p(p2 - I)/2 + (p - 2)(p2 - I)/2 = p2(p - 1). 
Consequently, c0 = p2(p - l), X(p - 1) = p3 - 1 - c0 = p2 - 1, X = 
p + 1. 
The proof for the case d odd, p = 2 remains. Letfbe as in (3.14). One 
verifies easily that the pure-primitive quaternions /I = x0 + xJ, + x2j2 + x& 
(mod 2) such that p # Uol B,(a) are precisely those satisfying x1 = 0 (mod 2), 
xo2 f x2x3 (mod 2). By direct count there are four of these (mod 2), and, 
hence, X = (23 - 1) - 4 = 3. 
This completes the proof of (3.11). Q.E.D. 
4. FACTORIZATION OF QUATERNIONS 
In [I], Lipschitz proved the first theorem on factorization of quater- 
nions. 
THEOREM 4.1. (Lipschitz). Let R, = Z[l, i, j, k] be the ring of Lip- 
schitz quaternions, and suppose 01 E R, is such that 01 is primitive and 
l<m=Nol=l(mod2).Letm=p, ..’ pr be a factorization of m as a 
product of primes. Then there exist quaternions ai E R, , 1 < i < r, of 
norm Nai = pi, such that (x = a1 ... 01,. . Further, this factorization is 
unique apart from insertion of unit factors. 
This theorem is not true if RO is replaced by an arbitrary quaternion 
ring and examples are easy to come by. For example, the ring obtained 
from f = 3x2 + y2 - yz + z2 does not contain an element of norm 2. 
Worse, it may happen in some quaternion rings that there are elements of 
norm m and elements 01 of norm divisible by m, and yet (Y has no right 
divisors of norm m (cf. [3]). For example, if f = 5x2 + y2 - yz + z2 
(whence d = 15), then N(1 + j, +j2 + j,) = 18. Now R contains ele- 
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ments of norm 6 and norm 3, but 1 + j, + j, + j, has no right divisor 
of norm 3. A generalization of Theorem 4.1 is possible, though, using 
the ideals B,(a). 
Henceforth, assume that 
LY E R is primitive, m I Na, 
R is m-maximal. 
(4.2) 
Let A be an ideal of R of norm m. A may be termed an ideal right divisor 
of 01 if Gi = 0 (mod m) (i.e., LX.$ z 0 (mod m) for each 5 E A). Clearly, 
A = B,(a) is a left ideal which is maximal with respect to the property 
of being an ideal right divisor of 01 of norm m, and, if A is any primitive 
left ideal which is also an ideal-right divisor of 01 of norm m, then Corol- 
lary 3.7 implies that A = B,(a). Thus we have the following lemma. 
LEMMA 4.3. 01 in (4.2) has a unique primitive ideal right divisor of norm 
m. Also, if cy. = p (mod m) and (Ny, m) = 1, then 01, p, and y01 have the 
same ideal right divisor of norm m. 
Let m = p1 ... pr be a factorization of m into primes. By Theorem 4.3 
we can find unique primitive ideal right divisors of 01 of respective norms 
&=,pl.-,+, for each k, 1 < k < r, and, hence, associated with each 
factorization rr is a unique set 
(4.4) 
of ideal right divisors of LY (n may be viewed as a permutation of { I ,..., r}). 
The sets Sz, may be considered as factorizations of CY, and their existence 
and uniqueness implies (4.1), as will be shown below. The following 
lemma is helpful. 
LEMMA 4.5 (Estes). Assume (4.2). The following are equivalent: 
6) LY. has a right divisor of norm m; 
(ii) B,(a) is principal; 
(iii) A norm form of B,(a) is equivalent to mF. 
Proof. (i) Z- (ii). Suppose 01 = r/3, Np = m. Then, easily, B,(a) = (131. 
(ii) 2 (iii). We may write B,(a) = (81 = Z[/$ j&3, j& j&X whence 
N(x$ + x1 jlB + x2 j$ + x&P) = (NP) Nx, + Cl + x2j2 + x3j3) = 
mF(x, , xl , XZ, xd. 
(iii) * (i). If a norm-form of (m, a] is mF, then (m, a] contains an 
element /3 of norm m. Then (m, NJ = (PI, c& = my for some y E R, 
01 = y/3. Q.E.D. 
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COROLLARY 4.6. Assume (4.2). Suppose that F resides in a genus 
consisting of a single class, and that F represents m. Then 01 has a right 
divisor of norm m. 
Proof. Pall in [3] showed that the norm form of B,(a) is in the genus 
of F, if the genus represents m. Q.E.D. 
COROLLARY 4.7. Assume (4.2), and assume further that F is in a genus 
of one class. Suppose that Nol = m and that F represents each prime factor 
of m. Let m =pl 1.. p,. be a prime factorization of m. Then we may factor 
01asci = cil a+’ 01,) uniquely apart from unit factors, where 0~~ ER, NCQ = pi , 
1 <i<r. 
Proof. LY. has a right divisor (Y, of norm pr , by Corollary 4.6. Then 
U/PA 6 = /3 is primitive, and so we may repeat the process, thereby 
obtaining the desired factorization. Q.E.D. 
Of course, the Lipschitz theorem is a special case of (4.7). Thus that 
theorem applies also to, say, the ring obtained from the form 
f = ~2 + y2 - yz + z2 (d = 3, c, = +l), only the condition m odd must 
be replaced by (m, 3) = 1. Notice also that, in the proof of Corollary 4.7, 
(%I = &T(4 (%-14 = 4&P, ((w), and so on. Thus, the concept of sets 
(4.4) of ideal divisors includes the notion of divisibility in the usual sense. 
That is, the sets Sz, are, in effect, factorizations of LX when factorization in 
R is possible. 
Our analog to (4.1) has the following application. 
THEOREM 4.8. Assume the hypotheses of Corollary 4.7, and suppose 
that (m, d) = 1. Let m = pp1 ... p? be a factorization of m into powers of 
distinct primes. Then the number of sets of primitive representations of m 
byFis 
tcP;i-l(Pi + 1). 
In the above theorem, a set of representations consists of representations 
obtainable, one from another, by automorphs of determinant 1. Thus, 
the number of representations in a set is dependent upon the number of 
elements of R of norm 1. For example, suppose f = x2 + y2 - yz + z2, 
whence F = xo2 + x,,xl + xX2 + x22 + x,x, + xA2. By direct count, the 
number of units in R is 12. Hence, the number of primitive representations 
by F of an integer prime to 3 is 12 times the expression in Theorem 4.8. 
The imprimitive representations and representations of integers divisible 
by 3 require special treatment (cf. [5]). 
The proof of Theorem 4.8 requires the following result. 
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LEMMA 4.9. rf a1 ,..., cxt are quaternions of norm p, (p, d) = 1, then 
01 = 01~ ... at isprimitive ifandonly if~l~ol++~ isprimitiveforj = 1,2,..., t - 1. 
Proof (Pall, [2, pp. 490-4911). The assertion is trivial if t = 2, and 
the necessity of ayjaj+l being primitive is obvious for every t. Assume for 
a given t that aj~i+l is primitive, 1 < j < t - 1, and a is proper. Consider 
B= 
- 
c%+1 * If /3 is not primitive, p = yp, y E R; and since p = CQ+~~~+~ , 
01 = yGl . Hence, at = BLYt+r , NO = 1, since both are right divisors of 
01 of normp. Hence, atat+l = $, completing the proof. Q.E.D. 
The proof of Theorem 4.8 now follows easily; for if 01 is primitive 
such that Nol = m, then by Theorem 3.11 there are p + 1 possible quater- 
nions y of norm p which are right divisors of 01. But, if r > 1, there are 
only p of these which are possible right divisors of (l/p) a~, by Lemma 4.9. 
Continuation of this reasoning yields Theorem 4.8. Q.E.D. 
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